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a b s t r a c t
We study the potential and limitations of the voltage graph
construction for producing small regular graphs of large girth. We
determine the relation between the girth of the base graph and the
lift, and we show that any base graph can be lifted to a graph of
arbitrarily large girth. We determine upper bounds on the girths
of voltage graphs with respect to the nilpotency class in the case
of nilpotent groups or the length of the derived series in the case
of solvable voltage groups. These results suggest the use of perfect
groups,whichwe use to construct the smallest known cubic graphs
of girths 29 and 30. We also construct the smallest known (5, 10)-
graphs and (7, 8)-graphs.
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1. Introduction
A (k, g)-cage is a k-regular graph of girth g and smallest possible order n(k, g). Although the
concept of a cage goes all the way to the early days of Graph Theory in the 1940s, the determination
of the values of n(k, g) has only been completed for a rather limited set of parameters. As the orders
of the unsettled cases increase, the search for these elusive structures is proving ever more difficult.
Recent revival of the interest in cages can be in large part attributed to three main factors:
the availability of faster computers, the introduction of techniques from areas that have not
traditionally been used in pure graph theory, and applications to the construction of LDPC codes (Low
Density Parity Check Codes). LDPC codes are linear error-correcting codes with sparse parity check
matrices [8,10,12]. Long codes of this type can be constructed from shorter codes and a sparse bipartite
graph of large girth (the Tanner graph [13]). The efficiency of the decoding is directly related to the
girth of the bipartite graph.
The main tool of this article is a construction that combines ideas from topological graph theory
and from group theory—the voltage graph construction, which is also known as the covering graph
construction [1]. It is a method that has become one of the most successful for constructing small
(k, g)-graphs (k-regular graphs of girth g) of large girth. To give just two examples of this, we note that
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a number of record holders (smallest known (k, g)-graphs) found in [7] have been found using voltage
graphs paired with extensive computer assisted searches and that the majority of record holders of
girth 6 have been shown to be constructable by a voltage graph construction [11].
The success of the method lies in its flexibility—a voltage graph construction involves a choice of a
base graph, a voltage group, and a generating set for the voltage group. We investigate the interplay
between these three ingredients.
First we determine the relation between the girth of the base graph and the lift, and we show that
any base graph can be lifted to a graph of arbitrarily large girth. Next, we determine upper bounds on
the girths of voltage graphs with respect to the nilpotency class in the case of nilpotent groups or the
length of the derived series in the case of a solvable voltage groups. These results can be thought of
as a generalization of our results concerning the girths of Cayley graphs of solvable groups presented
in [5]. They also suggest the class of perfect groups as a promising candidate for constructions of small
regular graphs of large girth. Specifically, we use perfect linear groups to construct the smallest known
cubic graphs of girths 29 and 30. We also construct the smallest known (5, 10)- and (7, 8)-graphs.
2. Basic concepts
Let Γ be an (abstract) finite group with a generating set X that does not contain the identity of
Γ and is closed under inverses, X = X−1 (no assumptions are made about the minimality of X). The
Cayley graph C(Γ , X) is the regular graph of degree |X | that has Γ for its set of vertices and whose
adjacency is defined by making each vertex g of the graph, g ∈ Γ , adjacent to all the vertices in the
set g · X = {g · x | x ∈ X}. Alternatively, for any two vertices g, h ∈ Γ , h is adjacent to g if and only if
g−1h ∈ X . Note that the fact that X is closed under inverses makes the resulting graph undirected.
Next, let G be a finite graph with possibly multiple edges and multiple loops. Let D(G) be the set of
darts of G obtained by replacing each edge and loop of G by a pair of opposing (oriented) darts e and
e−1. A voltage assignment on G is any mapping α from D(G) into a group Γ that satisfies the condition
α(e−1) = (α(e))−1 for all e ∈ D(G).
The derived regular cover, or lift, of G with respect to the voltage assignment α is denoted by Gα ,
and has the vertex set V (G) × Γ (written in the form ug , u ∈ V (G), g ∈ Γ ). Two vertices ug and vf
are adjacent in Gα if e = (u, v) ∈ D(G) and f = g · α(e).
Note that all Cayley graphs are lifts of a one-vertex bouquet of cycles and semi-edges, thus the lift
construction is more general than the Cayley construction. In addition, all vertex-transitive graphs
andmany other graphs as well are lifts of smaller base graphs. Fig. 1 shows how to obtain the Petersen
graph, the (3, 5)-cage, from the dumbbell graph using voltages from Z5. Fig. 2 gives the construction
of the Heawood graph, the (3, 6)-cage, as a lift of the θ-graph using voltages from the cyclic group Z7.
Lifts of the dumbbell graph and the θ-graph play a particularly important role in constructions of
small (k, g)-graphs as we will see further.
It is known [9, p. 91] that without loss of generality one may choose any spanning tree T of the
base graph G and assign the identity 1Γ of the voltage group Γ to all edges of T (every voltage lift is
isomorphic to a lift whose spanning tree has been assigned the identity voltage). Thus, every lift of the
dumbbell graph is isomorphic to one where the ‘‘handle’’ is assigned the element 1Γ , and every lift of
the θ-graph is isomorphic to a lift where the upper edge receives the voltage 1Γ .
Any closed walkW in the base graph G lifts to a walkWα in the derived graph Gα . IfW consists of
the sequence of darts e1, e2, . . . , en, the net voltage α(W) ofW is the product α(e1)α(e2) . . . α(en). We
usually think of the net voltage ofW as of an element of Γ , but occasionally it will be useful to think
of it as a formal sequence of elements in Γ , i.e., as a word in the alphabet Γ . The walkW lifts into a
closed walk if and only if its net voltage in Γ is equal to 1Γ , and it lifts into a cycle if and only if the its
net voltage is 1Γ and it contains no proper closed subwalk of net voltage 1Γ . Moreover, every cycle
in the voltage graph Gα projects down onto a closed walk in G that does not contain two opposing
consecutive darts. Wewill call such walks non-reversing walks. These observations yield the following
lemma.
Lemma 2.1. Let G be a finite graph and α : G → Γ be a voltage assignment of G. The girth of the voltage
graph lift Gα is equal to the length of a shortest closed non-reversing walkW in G of net voltage 1Γ .
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Fig. 1. Petersen graph as a lift by Z5 .
Fig. 2. Heawood graph as a lift by Z7 .
Example. Consider the dumbbell graph with the voltage assignment as in Fig. 1. It is easy to see that
there are exactly two non-reversing closed walks of length 1—the loops. Neither one of them has net
voltage 0. There are four closed non-reversing walks of length 2—each of them consisting of one of
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the loops travelled twice in the same direction, and thus of net voltage ≠ 0. There are four closed non-
reversing walks of length 3 containing the handle and one of the loops and four visiting the same loop
in the same direction three times, none of which are of net voltage 0, and an easy inspection shows
that there are no closed non-reversing walks of length 4 of net voltage 0 in the dumbbell graph either.
Since any of the closed walks visiting the same loop in the same direction five times is non-reversing
of net voltage 0, the lift, i.e., the Petersen graph, is of girth 5.
Based on the above argument, the reader may think that it would be easy to generalize the lift
construction of the Petersen graph into a construction of arbitrary large girth by simply choosing larger
n for the voltage group Zn. However, if Γ is an abelian group, no voltage graph lift of the dumbbell
graph has girth greater than 8. For, if α : D → Γ is a voltage assignment from the set of darts of
the dumbbell graph into an abelian group, we can assume without loss of generality that the handle
receives the identity voltage 1Γ . Let a be the voltage assignment of the left loop, and b be the voltage
assignment of the right loop. Consider the non-reversing closed walk of length 8 starting at the left
vertex of the dumbbell graph whose net voltage is
a · 1 · b · 1 · a−1 · 1 · b−1 · 1. (1)
Regardless of the choice of a and b the net voltage of this walk of length 8 is equal to 1Γ and hence
the lift is of girth at most 8. We investigate this fundamental observation in Section 4, but first we
introduce some constructions that do not suffer such limitations.
3. Lifts that increase the girth of the base graph
Consider first the case of a base graph G of odd girth. It is easy to see that the voltage assignment
α : D(G)→ Z2 mapping each dart of G to 1, α(e) = 1, for all e ∈ D(G), gives rise to a lift, known as the
canonical double cover of G, that satisfies the property that all odd-length cycles of G lift into cycles of
double length (while even cycles lift without change). Our first construction extends this idea to base
graphs of both even and odd girth, and is known as a homological voltage assignment.
Theorem 3.1. Let G be a base graph of girth g. Then there exists a voltage graph lift of G of girth 2g.
Proof. Let G be of girth g , and let T be a spanning tree of G. LetB be the set of darts of G not included
in T ,B = {e1, e−11 , e2, e−12 , . . . , eb, e−1b }, and let α : D(G) → (Z2)b map the darts of T to 0⃗ and
the darts of B onto the base vectors of (Z2)b. Let C be a cycle of G. As all the darts of C are different,
and C contains at least one dart from B, the net voltage of C is a sum of (at least one) distinct unit
vectors and thus is not equal to 0⃗. Hence, C lifts into a cycle of length twice the length of C or, strictly
speaking, the non-reversing closed walk wrapped twice around C in the same direction lifts into a
cycle of length twice the length of C. Moreover, each non-reversing closed walk in G must contain
a cycle of G (and thus a dart from B), and so the only way for a closed oriented walk in G to be of
net voltage 0⃗ is to wrap around at least one cycle of G an even number of times. It follows that the
smallest closed non-reversing walk that has the net voltage zero must be of length at least 2g; which
completes the proof. 
While iterated applications of the above construction guarantee graphs of arbitrary large girths, in
what follows we present a voltage graph construction that allows us to lift any base graph of girth g
to a graph of girth at least kg , for any k ≥ 2, in a single lift.
The following theorem was proved by Biggs in [2]:
Theorem 3.2 ([2]). Given any k, g ≥ 3, there exists a Cayley graph G = C(Γ , X) generated by k
involutions (the degree k = |X | and X consists of involutions) whose girth is at least g.
With the help of the above result, we can now prove the following:
Theorem 3.3. Let G be a base graph of girth g, and k > 1 be an integer. Then there exists a voltage graph
lift of G of girth at least kg.
Proof. The proof starts the same way as the previous one. Let G be of girth g , and let T be a spanning
tree of G. Let B be the set of darts of G not included in T , B = {e1, e−11 , e2, e−12 , . . . , eb, e−1b }.
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Let C(Γ , X) be the Cayley graph of degree 2b and girth ≥ (kg)2 guaranteed by Theorem 3.2. Then
X = {x1, x2, . . . , x2b} consist of involutions. Lemma 1 in [5] asserts that the girth of C(Γ , X) is the
length of the shortest cyclically reducedwordw(x1, x2, . . . , x2b) equal to 1Γ . Since the girth of C(Γ , X)
is assumed to be at least (kg)2, it follows that no cyclically reduced wordw(x1, x2, . . . , x2b) of length
smaller than (kg)2 is equal to 1Γ . Note that in this case, since all xi’s are involutions, a cyclically reduced
word is simply one in which no two consecutive generators nor the first and the last generator are
equal.
Let α : D(G) → Γ map the darts of T to 1Γ , α(ei) = xixi+b, α(e−1i ) = xi+bxi, 1 ≤ i ≤ b, and
consider the voltage lift Gα . Consider first a fundamental cycle C of G, i.e., a cycle that contains exactly
one of the darts from B, say the dart ei. This makes the net voltage of C equal to α(ei) = xixi+b.
Note that any power (xixi+b)n is a cyclically reduced word in the generators from X , and so (xixi+b)n
is not equal to 1Γ for any n < (kg)2/2. Hence, the net voltage of C is an element of Γ of order not
smaller than (kg)2/2, and therefore C, being of length at least g , lifts into a cycle of length at least
g(kg)2/2 > kg (or more precisely, the closed walk wrapped around C the correct number of times
lifts into a cycle of length at least kg). If C is an arbitrary cycle of G of length ℓ ≥ g , it does not contain
any dart from B more than once, and hence its net voltage is a product of distinct elements from
X of length at most 2ℓ. Hence, the order of the net voltage of C is at least (kg)2/(2ℓ) and the lift of
C is again not smaller than ℓ(kg)2/(2ℓ) ≥ kg . Finally, any non-reversing closed walk W in G must
contain a cycle of G, and hence its net voltage contains at least one of the products xixi+b or its inverse
xi+bxi. Since W is non-reversing, it cannot contain xixi+b immediately followed by xi+bxi. Therefore
the net voltage of a closed non-reversing walk in G is a cyclically reduced word in the generators from
X , and consequently, the net voltage of no non-reversing closed walkW in G of length smaller than
(kg)2/2 > kg is equal to 1Γ . The result follows. 
4. Upper bounds on the girths of voltage graphs using solvable groups
As pointed out in Section 2, no lift of the dumbbell graph via an abelian group can exceed girth 8.
A similar observation can be made with respect to the lifts of the θ-graph. Namely, entering just two
identities into aba−1b−1 results in the word
a · 1 · b · a−1 · 1 · b−1 (2)
that can be easily realized as the total voltage of a closedwalk in the θ-graph of length 6. Consequently,
any lift of the θ-graph using an abelian voltage contains a cycle of length at most 6. As one can see
from Fig. 2, the (3, 6)-cage Heawood graph, which is a lift of the θ-graph by the cyclic Z7 is of girth 6,
and thus this upper bound can be achieved.
The following generalizations of the θ- and dumbbell graphs will allow us to extend the above
observations. The generalized θ-graph, θ(ℓ1, ℓ2, ℓ3), 0 < ℓ1 ≤ ℓ2 ≤ ℓ3, is the graph consisting of
two vertices joined by three paths of corresponding lengths ℓ1, ℓ2 and ℓ3. Similarly, the generalized
dumbbell graph, DB(j1, j2, j3), 0 < j1, j3 and 0 ≤ j2, is the graph consisting of two disjoint cycles of
lengths j1 and j3 connected via a path of length j2.
The importance of these graphs for the construction of small k-regular graphs of large girth lies in
the fact that they are contained in every base graph of interest.
Namely, let G be a connected k-regular graph, k ≥ 3. Then G must contain at least two cycles. If
G contains two disjoint cycles, then there is a path joining the two cycles, and the graph contains a
generalized dumbbell. If not, then any two cycles intersect. If two such cycles share exactly one vertex,
then we have a generalized dumbbell, with j2 = 0. Otherwise, if the two cycles share more than one
vertex, then G contains a generalized θ-graph. We summarize the above in the following lemma.
Lemma 4.1. Let G be a connected graph of minimum degree at least 3. Then G contains either a
θ(ℓ1, ℓ2, ℓ3) or a DB(j1, j2, j3) (or possibly both).
As themaximumgirth of a lift of one of the above generalized graphs is an upper bound on the girth
of any graph G containing them, determining the maximum girth of these special graphs will provide
us with a convenient upper bound on the girth of all lifts of connected regular graphs. Note that we
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have already proved that no abelian lift of a base graph G containing θ(1, 1, 1) can be of girth greater
than 6, and no abelian lift of a base graph G containingDB(1, 1, 1) can exceed the girth 8. Both of these
results depend on the fact that the commutator aba−1b−1 of any two elements in an abelian group is
equal to 1Γ . To generalize this observation, we need to consider commutators of higher orders. Our
approach follows along similar lines as the approach of [5] inwhichwe investigated the closely related
girth of Cayley graphs.
The commutator [x, y] of group elements x and y is the element x−1y−1xy, which is trivial if and
only if xy = yx. Given subgroups H and K of a group Γ , let [H, K ] denote the subgroup of Γ generated
by all commutators of elements from H and K :
[H, K ] = ⟨{h−1k−1hk : h ∈ H, k ∈ K}⟩.
The lower central series for Γ is the descending chain
Γ = Γ0 ≥ Γ1 ≥ · · · ≥ Γi−1 ≥ Γi ≥ Γi+1 ≥ . . .
of subgroups of Γ defined recursively by setting Γ1 = [Γ ,Γ ], and Γi+1 = [Γ ,Γi] for all i ≥ 1. If the
lower central series for Γ terminates at the identity subgroup after finitely many steps (that is, with
Γi = ⟨1Γ ⟩ for some i), then the group Γ is said to be nilpotent, and if ν is the smallest value of i for
which Γi = ⟨1Γ ⟩, then Γ is said to have nilpotency class ν (or more simply, be nilpotent of class ν).
The following theoremgeneralizes our observations concerning the bounds on the girths of abelian
lifts to the class of nilpotent groups—the class considered to be the closest to the class of abelian
groups.
Theorem 4.2. Let Γ be a nilpotent group of nilpotency ν . The girth g of any lift of a base graph containing
θ(ℓ1, ℓ2, ℓ3) using voltages from Γ is bounded above by
[ℓ1 + ℓ3](ν + 1)2. (3)
The girth g of any lift of a base graph containing DB(j1, j2, j3) using voltages from Γ is bounded above by
[max(j1, j3)+ (j2)](ν + 1)2. (4)
Proof. Let us begin by considering a lift of a graph G containing θ(ℓ1, ℓ2, ℓ3). As argued in the
discussion preceding this theorem, the girth of a Γ lift of G is bounded above by the maximum girth
of a Γ lift of θ(ℓ1, ℓ2, ℓ3). Let T be the spanning tree of θ(ℓ1, ℓ2, ℓ3) that includes the path of length
ℓ1, the left ℓ2 − 1 edges of the path of length ℓ2, and the left ℓ3 − 1 edges of the path of length ℓ3. Let
e1 and e2 be the left-to-right oriented darts corresponding to the two edges of θ(ℓ1, ℓ2, ℓ3) that are
not included in T , say e1 is the right-most dart of the path of length ℓ2, and e2 is the right-most dart
of the path of length ℓ3. Let α be a Γ voltage assignment of θ(ℓ1, ℓ2, ℓ3), and let us assume without
loss of generality that α assigns 1Γ to all edges in T , α(e1) = a, α(e2) = b, a, b ∈ Γ . To simplify the
proof, let us call the path containing the label a the a-path, the path containing b the b-path, and the
path of net voltage 1Γ the 1Γ -path.
If a (resp. b) is an involution, then the closed non-reversing walk W that starts at the left-most
vertex of the θ graph, takes the a-path (resp. b-path) to the right-most vertex, returns through the
1Γ -path to the left-most vertex and repeats the same cycle once more, has the net voltage a2 = 1Γ
(resp. b2 = 1Γ ), and therefore lifts into a cycle in Gα of length 2(ℓ1 + ℓ2)(resp. 2(ℓ1 + ℓ3)). Either of
the two cycles is obviously smaller than the lower bound from our theorem.
If neither a nor b is an involution, consider the Cayley graph C(Γ , {a, a−1, b, b−1}), and recall that
the nilpotency of Γ is ν. According Theorem 2 of [5], the girth of C(Γ , {a, a−1, b, b−1}) is at most
(ν + 1)2. Thus, C(Γ , {a, a−1, b, b−1}) contains a cycle of length at most (ν + 1)2, and consequently,
there exists a reduced word w(a, a−1, b, b−1) of length at most (ν + 1)2 (as cycles in Cayley graphs
correspond to reduced words in generators labeling the cycles [5]). Next, we construct a closed non-
reversing walk W in G corresponding to w(a, a−1, b, b−1). If the first character of w(a, a−1, b, b−1)
is a or b, then the first vertex of W is the left-most vertex of the θ graph, and the first vertex is the
right-most vertex otherwise. The rest of the walk is determined byw(a, a−1, b, b−1) as follows. If the
first character is a (resp. b), the walk starts with the a-path (resp. b-path). If the first character is a−1
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(b−1), the walk starts by travelling the a-path (b-path) in the opposite direction, i.e., in the direction
of a−1 (b−1). The rest of the walk consists of the paths selected in the same manner for the other
characters ofw(a, a−1, b, b−1)with the only extra condition that if one cannot take the required path
in the required direction (because being at the wrong end of that path), the walk first travels to the
other end of the path via the 1Γ -path. It is clear from our construction that the walkW constructed in
this manner is closed non-reversing and has the net voltagew(a, a−1, b, b−1) = 1Γ . As for its length,
it is bounded above by
ℓ2(na(w(a, a−1, b, b−1))+ na−1(w(a, a−1, b, b−1)))
+ ℓ3(nb(w(a, a−1, b, b−1))+ nb−1(w(a, a−1, b, b−1)))+ ℓ1s,
where ng(w(a, a−1, b, b−1)) denotes the number of times g appears in w(a, a−1, b, b−1), g ∈
{a, a−1, b, b−1}, and s is the number of times one is forced to take the 1Γ -path when creating the walk
W . Since s is necessarily smaller than the length of w(a, a−1, b, b−1),
∑
g∈{a,a−1,b,b−1} ng(w(a, a−1, b,
b−1)) equals the length ofw(a, a−1, b, b−1), and ℓ2 ≤ ℓ3, the result follows.
The proof of the upper bound for the dumbbell graph follows along the same lines as above. First
we choose the spanning tree to include the handle andmost of the two cycles. Then we assign a and b
to the remaining edges of the cycles and create a walk corresponding tow(a, a−1, b, b−1). The details
are left to the reader. 
Next, we prove similar bounds for the class of all solvable groups. The derived series of a group Γ
is the descending chain
Γ = Γ (0) ≥ Γ (1) ≥ · · · ≥ Γ (i−1) ≥ Γ (n) ≥ Γ (i+1) ≥ . . .
of subgroups of Γ defined by setting Γ (0) = Γ and Γ (i+1) = [Γ (i),Γ (i)] for all i ≥ 0. If the derived
series for Γ terminates at the identity subgroup after finitely many steps (that is, with Γ (i) = ⟨1Γ ⟩ for
some i), then the group Γ is said to be solvable, and if δ is the smallest value of i for which Γ (i) = ⟨1Γ ⟩,
then Γ is said to have derived length δ.
Theorem 4.3. Let Γ be a solvable group of derived length δ. The girth g of any lift of a base graph
containing θ(ℓ1, ℓ2, ℓ3) using voltages from Γ is bounded above by
[ℓ1 + ℓ3]4δ. (5)
The girth g of any lift of a base graph containing DB(j1, j2, j3) using voltages from Γ is bounded above by
[max(j1, j3)+ (j2)]4δ. (6)
Proof. The proof proceeds along the same line as the above proof for nilpotent groups with the
one exceptions that the word w(a, a−1, b, b−1) is chosen from Γ (δ), and is therefore of length at
most 4δ . 
Except for the case of abelian voltage groups, the bounds obtained in Theorem 4.3 are not sharp.
For example, in the case of a lift of the (1, 1, 1)-theta graph via a solvable group of derived length 2,
we have been able to establish a sharper bound of 22 (compared to the bound of 2 · 42 = 32) by
considering the double commutator
[[a, b−1], [a−1, b−1]] = ab−1a−1ba−1b−1abb−1aba−1b−1a−1ba
= ab−1a−1ba−1b−1aaba−1b−1a−1ba,
which, after the collapse of the central bb−1, becomes a word of length 14. This word can bemade into
a net voltage of a closed non-reversing walk in the (1, 1, 1)-theta graph with the voltage assignments
1Γ , a, and b by introducing eight 1’s
a · b−1 · 1 · a−1 · b · a−1 · 1 · b−1 · a · 1 · a · 1 · b · a−1 · 1 · b−1 · 1 · a−1 · b · 1 · a · 1
(where we introduced a 1 in each position where two generators of the same direction meet, i.e.,
wheneverwe need to travel through the dart labeled 1 to be at the starting point of the next generator,
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and one 1 at the end to close the walk). We have also found a specific voltage graph lift of girth 22 of
the (1, 1, 1)-theta graph via the semidirect product Z269 o Z67 of derived length 2. Consequently:
Theorem 4.4. The maximum girth of any lift of the (1, 1, 1)-theta graph via a solvable group of derived
length 2 is 22.
5. Record constructions
Since every graph of minimal degree at least 3 contains a generalized θ graph or a generalized
dumbbell graph, the above two theorems have the following practical consequence for voltage graph
constructions of small regular graphs of large girth: In order to obtain increasing girths, one needs to
either keep choosing base graphs with increasing sizes of the included θ or dumbbell graphs or one
needs to keep choosing groups of higher and higher nilpotency or derived length. The easiest way to
avoid this problem is to not use solvable voltage groups. We investigate this approach in the present
section. To minimize the order of the resulting graphs, we limit our search to base graphs of order 2,
the θ and the dumbbell graph.
To construct voltage graphs of large girthwe need to look at the other side of the spectrum, namely,
to consider groups whose iterated commutator subgroups do not turn into the identity. An extreme
example of that situation is the class of perfect groups. A (non-solvable) group Γ is said to be a perfect
group if Γ ′ = [Γ ,Γ ] = Γ , the commutator subgroup of Γ equals Γ . The family of special linear
groups SL(n, q) provides us with a perfect group for each prime power q and each positive integer n.
Another advantage of these groups is that they are matrix groups and so we were able to perform the
group operations fast enough without having to precompute and store their multiplication tables.
Using the θ(1, 1, 1)-graph as the base graph, and SL(2, 83) for the voltage group with the voltages
a and b:
a =

0 1
−1 6

, b =

1 11
23 5

which generate the group, are both of order 84, and are conjugates, we obtained a bipartite trivalent
graph G1 of girth 30 and order 833 − 83 = 1 143 408. Here, V (G1) = {(g, h) | g ∈ SL(2, 83), h ∈ Z2},
and (g, 0) is adjacent to (g, 1), (ga, 1), and (gb, 1), for all g ∈ SL(2, 83). The graph is vertex-transitive
and the size of its automorphism group is twice the size of the graph.
Then by excision (see [7]), by removing 1924 vertices from G1, we obtained a trivalent graph G2 of
girth 29 and order 1 141 484. The graphs G1 and G2 are the smallest known trivalent graphs of girth 30
and 29, respectively (for the table of record trivalent graphs consult [7]), which replaced the previous
records obtained as a sextet graph by Biggs and Hoare [3] in the case of girth 30 and a graph obtained
by Bray et al. [4] in the case of girth 29.
In addition to the above records, using the θ graph for the base graph and SL(2, q) for 3 ≤ q ≤ 461,
we have been able to get close to the orders of the record graphs of even girths from 18 to 32. It may
be of interest that the only prime power q ≤ 127 which produces a graph of girth 30 is q = 83. We
also investigated lifts of the dumbbell graph using the same groups. These were investigated since the
lifts of the dumbbell graphs can also produce graphs of odd girths. While, the results were not quite
as good for even girths, we did produce some interesting examples of odd girths. For example, using
SL(2, 71), we found a graph of girth 27 whose order is somewhat more than twice the order of the
current record holder.
Finally, in order to construct k-regular graphs of degree k > 3, we expanded our search to θ-graphs
withmore than three edges joining the two vertices. This led to the construction of the smallest known
5-regular graph G3, of girth 10 and order 1458. It is a lift of a 5-regular θ-graph by a group of order
729 = 36 (and therefore nilpotent). The graph is a graphical regular representation of a Z2 extension
of the voltage group.
We also constructed the smallest known 7-regular graph G4, of girth 8 and order 672, by lifting a
7-regular θ graph via the group SmallGroup(336,1) in the GAP library [14] which is solvable but
not nilpotent, of derived length 2. Note that 7 is the smallest degree k for which the order of a (k, 8)-
cage is not known (whenever k = q+ 1, for prime power q, the (k, g)-cage is the incidence graph of
a generalized quadrangle). As a lift of a θ-graph, G4 is bipartite and its automorphism group of order
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14 112 has two orbits that correspond to the parts of the bipartition. In addition, the stabilizer of a
vertex is sharply 2-transitive on its neighbors.
The above record graphs are available for downloads at [6].
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